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The least integer 6 is looked for such that there exists a nonsingular curve of 
degree less than or equal to 6 passing through any assigned set of n points of Pz in 
“generic” position. Here “generic” takes different meanings and the “generic” 
n-tuples of points describe nonempty open subsets U of (P’)“. Indeed, we find: 
(i) for U, = (n-tuples in general position} 6(U,) = [n/2]; (ii) if n = (“z’) + h, 
0 < h < d + 1, for UI, = (n-tuples in n-generic position) 
4UJ = I d+l d+2 if h = 0, if h>O; 
(iii) with the notations of (ii), for U, = (n-tuples in uniform position} 
i 
d+l if h=O, 1,2, 
6(U,)= d+lord+2 if Z<h<d+l, 
d+2 if h=d+l. 
In any case a nonempty open subset U & U, is found in which 6(U) = d + 1. 
B 1985 Academic Press, Inc. 
INTRODUCTION 
In this paper we deal with the problem of finding nonsingular curves of Ipi 
passing through n assigned points, k an algebraically closed field (any 
characteristic). 
More accurately we investigate questions of the following type: 
(Q) Given II points in Ipi (n > 2), subject to some condition of 
“genericity,” what is the least integer 6 such that there is a nonsingular curve 
of degree less than or equal to 6 passing through the points? 
If 9 is a fixed set of points in P2, we denote by 6(Y) the least degree of a 
* This paper was written while both authors were members of CNR sex. 3 of GNSAGA. 
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nonsingular plane curve containing the points of 9. So, what we mean by 6 
in question (Q) is: 
6 = S(U) = sup{b(Y) 19 E UC (lp*)n}, 
where U is some subset of “generic” n-tuples of Ip’. 
This problem comes from an analogous question settled by S. Abhyankar 
in [A] and arises in the study of intersections of curves in Ip3; in fact in 
[GV, Proposition 3.71, the authors find a relationship between the number 6 
and the minimum multiplicity of a point on a surface containing a curve with 
only quasi-ordinary singularities. 
One expects that the number 6 depends on the type of “genericity” of the 
set of points, as well as on the number of the points. 
Our approach is independent of the characteristic of the algebraically 
closed field k. Partial answers to the question (Q) are in [A] and in [GM], 
with char k = 0. 
Many results we find are characteristic free because of the use we will 
make of a generalization of Bertini’s theorem on the “variable singular 
point” of curves of a linear system by S. Greco and P. Valabrega (see [GV, 
Theorem 1.31). 
We denote by B, the k-vector space of forms of degree d in the 
polynomial ring with three indeterminates, alternaiively the k-vector space of 
all curves of degree d in ip*. If 9 = {PI,..., P,} is a set of n points of ip2, 
Bd(9) will denote the subspace of B, consisting of those forms which 
simultaneously vanish at Pi, i= l,..., n, i.e., the k-vector space (linear 
system) of the curves of degree d in ip2 containing P, ,..., P,. 
Finally, we put dim Bd(Q) = dim, Bd(Q) - 1. 
Recall that, for any positive integer n, there exists a unique pair of 
nonnegative integers d, h such that IZ = ( “: 2 ) + h and 0 < h < d + 1; we 
often will use such a decomposition of n. 
In the following 6 will simply mean the number required by the question 
(Q)- 
1. 
In the following we will often use a “Bertini theorem” proved by S. Greco 
and P. Valabrega [GV, Theorem 1.31 for any scheme of finite type over a 
field k of any characteristic, analogous to the classical theorem on the 
variable singular point of a linear system. We recall this theorem in the 
particular form which will be used hereafter. 
THEOREM 1.1 (Greco and Valabrega). Let S be a linear system of 
curves in Ip2. Assume that 
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(i) the base locus of S is contained in a closed set Z c Ip2 (e.g., S 
separates the points of U = Ip2 - Z); 
(ii) S separates the tangent vectors on U (c$ [H, Chap. II, 
Proposition 7.31). 
Then the generic curve of S is nonsingular at the points of U. 
We recall (cf. [H, Chap. II, Remark 7.8.21) that a linear system S of 
curves in Ip2 separates the tangent vectors on U if, for every point P E U and 
every line L containing P, there is a curve C in S passing through P and 
such that L 6!? Tp(C), the Zariski tangent space of C at P. 
The following proposition provides the answer to the question (Q) in the 
simplest case, when the n points are arbitrarily chosen in Ip2. 
PROPOSITION 1.2. There always exists a nonsingular curve of degree less 
than or equal to n - 1 passing through n points arbitrarily chosen in P2. 
Proof: Let 9 = {P, ,..., P,} be the set of the n given points; we can 
suppose them not on a line (otherwise there is nothing to prove). We have 
-l>l. 
We prove that B,-,(9) satisfies the assumptions of Theorem 1.1. 
Case 1. Suppose that at most n - 2 points of 9 are collinear; we verify 
the conditions of Theorem 1.1 for Z = 9. Condition (i) is trivially verified 
because the base locus of B,-,(9) is the set 9 itself. Now take a point 
P 6? 9 and a line L through P: by assumption there are two points of 9, 
say, P,, P,, not on L; the curve consisting of the n - 1 lines L, = P, P, 
L, = P,P,, Li passing through Pi but P @ Li, i = 4,..., n, is what we need to 
separate the tangent vectors on U = ip2 - 9. 
Case 2. Suppose that n - 1 points of 9 lie on a line L; in this case 
B,-,(T) h as b ase locus 9 as before but it does not separate neither points 
nor tangent vectors on 9 U L; nevertheless it is a simple matter to verify 
that B n- ,(9’) satisfies (i) and (ii) of Theorem 1.1 for Z = 9 U L. 
So we get that the generic curve of B,- i(S) is nonsingular outside Z. As 
to the points of the closed set Z, in case 1 it is well known that each Pi 
cannot be singular; in case 2 the generic curve of B,- i(9) cannot have a 
singular point on L otherwise it would contain this line, and this is false. 
The answer to question (Q) when U = (lP2)” is then the integer 6 = n - 1. 
In fact, by Proposition 1.2 it follows that 6 < n - 1; on the other hand 
6 > n - 1 because one can take a set of n points n - 1 on a line L and the 
other outside L: in this situation each curve of degree less than n - 1 passing 
through them is reducible (hence singular). 
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Remark. The answer to question (Q), in the case of points chosen 
arbitrarily, is the same if we only ask that an irreducible curve pass through 
them. 
2. 
We describe now some types of “genericity” for a set of n points in Ip2 
which are available in the literature and which have been used in different 
contexts. In each case the set of “generic” n-tuples corresponds to a 
nonempty open subset of (ip’)“. 
The following type of genericity is the most classical and usual (see also 
[GM, Remark 1.71). 
DEFINITION 2.1. A set of n points (n > 3) of Ip2 is in general position 
when no three of them are on a line. 
Geramita and Orecchia give the following definition in [GO]: 
DEFINITION 2.2. A set 9 = (Pi ,..., P,} of n points of Ip2 is in n-generic 
position if dim Bi(Y) = max{-1, (‘:‘) - 1 - n}, for every positive integer i. 
Remark. (i) The previous definition is essentially what Abhyankar 
calls “geometrically generic” in [A]. 
(ii) If n = (‘z’) + h, 0 < h < d + 1, Definition 2.2 is equivalent to: 
(a) there is no curve of degree d through P, ,..., P, ; 
(b) dimB,+,(Y) = (“z’) - 1 - n (see [GO, Proposition 31). 
Finally, we recall another definition of genericity, again by Geramita and 
Orecchia [GO], which in some sense generalizes both Definitions 2.1 and 
2.2. 
DEFINITION 2.3. A set 3 = {P, ,..., P,} of n points in ip2 (n > 3) is said 
to be in uniform position when, for every s, 3 < s < n, any s of them are in 
s-generic position. 
If we put n=(d:2)+h, O<h<d+ 1, it is easy to see that the above 
definition is equivalent to: 
(i) any (“‘l’ ) of the IZ points, 1 < d’ < d, do not lie on a curve of 
degree d’; 
(ii) dimBd+,(.Y)=(d~3)- 1 --. 
DEFINITION 2.4. A set 9 of n points of Ip2, with only the condition (i) as 
above, is said to be in weak uniform position. 
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Of course, points in uniform position are in weak uniform position too. 
The converse is generally false, since 9 distinct points, complete intersection 
of 2 generic irreducible cubits, are in weak uniform position; namely, 3 of 
these points are on a line if and only if the complementary 6 points are on a 
conic (Cayley and Bacharach). 
Propositions 2.5 and 2.8 provide the answer to question (Q) with the 
notions of genericity defined, respectively, in 2.1 and 2.2. 
PROPOSITION 2.5. If U, is the set of n-tuples 9 = {P, ,..., P, 1 of points in 
Ip* in general position, n > 8, then 6 = 6(U,) = [n/2]. 
Proof: Let us write n = 2d + 2 or n = 2d + 3, d> 3, according to 
whether n is even or odd. Note that it is possible to choose n points in 
general position so that exactly 2d + 1 of them lie on an irreducible conic r. 
Thus, any curve of degree d passing through these points must contain r 
(d > 2); then, the irreducible curves through our points have degree larger 
than d, i.e., 6 > d + 1 = [n/2]. We can assume that .F is not contained in 
any conic. Let us show now that Bd+l(.B) contains a nonsingular curve. The 
dimension of B,,+ ,(.P) is 
dimB,+,(P)~/d:3)-l-nn>dd:1)-1~5 (da3). 
Now we want to apply Theorem 1.1 to the linear system Bd+ ,(9). 
Case 1. Suppose that at most 2d + 1 points of Y are on a conic. Now 
we want to apply Theorem 1.1 for 2 = 9”. Take any two points A and B in 
Ip * - .P and a line L through A. 
(a) n = 2d + 2. We can choose 4 points of 9, say, P,, P,, P,, P,, 
such that B & rp,PIP,P+,, where rP,P2P3P4A means the conic through P,, P,, 
P, , P,, A : otherwise 9 would be contained in a conic (Btzout’s theorem: 
[H, Chap. I, Corollary 7.81). Now we can find d - 1 lines through the 
remaining 2d - 2 points and not through B; so (i) is verified. 
We note that there is only one conic through 4 given points in general 
position and having a fixed tangent line at one of them (again by Bezout’s 
theorem). Using this fact, we can choose 4 points of 9, say, P, ,..., P,, such 
that L 6? TA(r,,. . .PIA). So the conic r and d - 1 suitable lines, as before, 
give a curve which allows one to verify (ii). 
(b) n = 2d + 3. We can choose 9 points of 9 such that there are two 
tonics through these points and A, not containing B and such that through 
the remaining 2d - 6 points there are d - 3 lines not containing B: 
otherwise, as before, 2d + 2 points in 9 should belong to a conic. (If n = 11 
one must be careful in choosing the 9 points.) Using the same argument as in 
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(a) we can find 9 points in 5^ such that there are two tonics through them 
and A having tangent line at A different from L; these tonics and suitable 
d - 3 lines, as before, give a curve in B,, I (9) which separates the tangent 
vectors. 
Case 2. Suppose that exactly 2d $ 2 points of 9 are on a conic r (so 
n=2d+3).NowweapplyTheoreml.lforZ=~UT.LetP,benotonT, 
and take any two points A, B E Ip* - Z and a line L through A. In order to 
separate points and tangent vectors it is enough to consider curves consisting 
of r, two suitable lines, one through P, and the other through A, and a 
residue curve of degree d - 3 not containing A and B. 
To finish our proof we need only to see that the curves of Bd+ I(9) have 
no fixed singular points in Z. 
Every Pi, i = l,..., n, cannot be singular for B,+,(Y): if n is even just take 
d + 1 lines each containing two points of 3’; if n is odd one can take a conic 
passing through 5 points of 9 and d - 1 lines each containing two points of 
the remaining ones. In both cases Pi is a simple point for the above curves, 
i = l,..., n. 
Finally, in case 2, if every curve of B,+,(Y) has a singular point on r, 
then B d+ 1(S) must have r as a fixed component: this is trivially false since 
one can take in Bd+ ,(9) th e curve consisting of a conic through the unique 
point of .P not on r and 4 other points of 3 and d - 1 lines through the 
remaining 2d - 2 points: this curve does not have r as a component. 
Remark 2.6. Except for the trivial case n = 3 (in which 6 = 2 # [n/2]), 
for all the other values of n not included in the previous proposition we still 
have 6 = [n/2]. Indeed, the only interesting case is when n = 7 and the points 
of .P are not on a conic. In this case B3(9) does not separate the points of 
Ip’, nevertheless it contains nonsingular curves: if B3(Q) had a fixed singular 
point Q, since dim B3(Q) > 2 (indeed, dim B3(9) = 2 by [H, Chap. V, 
Proposition 4.3]), for every Q’ on the line PiQ one has dim B,(9, Q’) > 1; 
in addition, every curve of B,(9, Q’) consists of the line PiQ and a residual 
conic. Thus, we can find 5 of the given points, say, {P ,,..., P5) = MY’, such 
that dim B2(‘Y’) > 1 and this contradicts the general position of .P. 
If B3(9) had a variable singular point, choose a point Q outside each line 
containing a pair of points of 9 and such that B,(9, Q) has no fixed 
singular points (such a choice is possible, since otherwise B3(Q) would have 
a fixed singular point); now let r be a conic passing through 5 points of 
YU IQ1 and not through the other three points, and Q’ E rn 
Sing B,(Y, Q). Now, any curve of B,(9, Q) with a singular point at Q’ 
must contain r and a line, so that three points of 9 U {Q} are on this line, 
and this is a contradiction. 
Before proving a similar proposition for points in n-generic position, we 
need a lemma which clarifies the “n-genericity.” 
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The referee points out that the first part of this lemma is contained in a 
more general result which appears in a recent work (Geramita, Maroscia and 
Roberts, The Hilbert function of a reduced k-algebra, Queen’s Papers in Pure 
and Appl. Math. No. 61, Proposition 6.2), and the second part is implicit in 
the proof of Lemma 2.1 in [GM]. Nevertheless we think it is convenient to 
report here a direct proof for the sake of simplicity. 
LEMMA 2.7. Let .B = {P ,,..., P, j be a set of n points of ip’, 
n=(d;2)+h, O<h<d+ 1. 
(i) If 9 is in n-generic position, at most d -I- 2 points of9 are on a 
line. 
(ii) When d + 2 points of 9 are on a line, 9 is in n-generic position if 
and only if h > 0 and the remaining points are in (n -d - 2)-generic 
position. 
Proof: Assume that s points of CP, say, P, ,..., P,, with s > d + 2, are on 
a line L. Then, every curve of Bd+l(Q) contains L, so 
dimB,+,(9)=dimB,(P,+,,...,P,)> - 1 - (n - s). 
On the other hand, for the hypothesis on 9, we have 
Thus 
-l-n> - 1 - (n - s), 
i.e., d + 2 > s, a contradiction. 
Let us suppose now that d + 2 points of 9 are on a line L, say, 
P 1 ,***, Pd+T. If P ,,..., P, are in n-generic position then the remaining 
n-d- 2 = ((d-:)+2 ) - 1 + h points are not on a curve of degree d - 1, in 
particular h > 0; besides, B,(Pd+ 3 ,..., P,) has “right” dimension, namely, if 
dim Bd(P,j+ 3 >..., p ) > -l-(n-d-2) 
=d+l--h= 
since dim B d+ ,(s> = dim B,(Pd+ 3 ,...> P,) we have a contradiction. 
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Vice versa, if Pd+ 3 ,..., P, are in (n - d - 2)-generic position and h > 0, we 
want to show that P ,,..., P, are in n-generic position. In fact, 
dim Bd(9) = -1: since any element of Bd(9) contains the line L and a 
curve C E B,- l(Pd+ 3 ,..., P,), the equality n - d - 2 = (@-l)+ *) + h - 1 and 
the hypotheses lead to B,- l(Pd+ 3 ,..., P,) = -1. Besides, 
dim B,, ,(S) = dim Bd(Pd+),..., P,) 
-l-(n-d-2)=d+l-h, 
hence, by the equality 
d+l-h= 
we can conclude the proof. 
PROPOSITION 2.8. If U, is the set of n-tuples 9 = {P,,..., P,} ofpoints in 
Ip2 in n-generic position, n = (“i’) + h, 0 < h < d + 1, then 
J= d+l 
I 
if h = 0, 
d+2 if h > 0. 
Proof. By Lemma 2.7, in the case h > 0, 6 > d + 2, so we need only to 
prove6,<d+2ifh>Oand6~d+lifh=O.Sinceinbothcasesweneed 
similar computations we shall refer to the case h > 0, relating in parentheses 
the light changes needed when h = 0. 
Let us see that B d+2cQ) (respa Bd+l(tP)) contains some nonsingular 
curve. Apply once again Theorem 1.1: we claim that Bdt2(Q) (resp. 
Bd+ ,(S)) separates the points and the tangent vectors of P2 - 9, except 
when d + 2 (resp. d + 1) points of .P are on a line L in which case it 
separates P* - (9 U L}. 
We first consider the case when 9 does not contain d + 2 points on a line 
(resp. d + 1). 
Let A and B be two points and assume first Pi 6J AB, for every i = l,..., n. 
IfBd+2(~,A)=Bd+2(9,A,B) @eSP. Bd+,(~,A)=Bd+,(~,A,B)) since 
dimBd+,(9,A)>2d+3-h (resp. dim B,, 1(9, A) > d) (1) 
the curves of B d+2(y,A) (resp. Bd+ r(Y, A)) paSSing through d + 1 points 
(resp. d points) of the line AB should split in the line AB and in a curve of 
Bd+ 1(y) (resp. Bd(Q)). Now, we have by the n-genericity. 
dimB,+,(.P)=d+ 1 -h (resp. dim B,(9) = -1) 
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but the inequality (1) implies 
dimB,+,(Y)>2d+3-h-(d+l)=d+2-h 
(resp. dim Bd(Y) > d - d = 0), a contradiction. 
If now the line AB contains s points of Y”, s <d + 1 (resp. s < d), we 
repeat the proof step by step just taking d + 1 -s points on AB (resp. d-s 
points). 
Now take a point A E Ip2 - .P and a line L, A E L. Suppose that for each 
curve C E B,, ,(9, A), it is L E TA(C): we can repeat the same argument as 
above just using the line L instead of AB. 
If d + 2 points of ,Y (resp. d + 1) are on a line L we can repeat everything 
for points in Ip2 - {.PU L}. 
It remains to check that the linear system Bd+2(9) (resp. B,+,(Y)) has 
no fixed singular points in .F (or 9 U L when d + 2 (resp. d + 1) points of 
9 are on L). 
Any Pi E .P is not a fixed singular point for Bd+2(9) (resp. B,, l(9)): in 
fact, since the n points impose independent conditions to Bd+2(.P) (resp. 
Bd+ r(Y)) there is a curve C of degree d + 1 (resp. d) passing through all 
points of 9 but Pi; C and any line through Pi provide a curve of Bd+*(.Y) 
(resp. Bdfl(Q)) which is not singular at Pi. 
In the case when d + 2 (resp. d + 1) points of .a are on a line L, if every 
curve of B d+2V) (resp. Bd+lCP)) h d a a singular point on L, then every 
curve of the linear system would contain the line L. This is clearly false, for 
if P, ,..., Pd+* (resp. P, ,..., Pd+l) are the points of 9 on L then from 
Lemma 2.7 one gets 
dim B,+*(Q) = dim Bd+ l(Pd+ 3 ,..., P,) 
(d+ 1)+2 
-1-@-d-2)= 
(d+2)+2 = 
2 2 ) -n-2, 
which is a contradiction (resp. it is enough to note that the curve of degree d 
through P, ,...., P, cannot contain L). 
Remark 2.9. The integers 6 of Propositions 2.5 and 2.8 do not change if 
one modifies question (Q) by only requiring irreducible curves instead of 
nonsingular curves: namely, looking at the proofs of those propositions it is 
easy to see that the lower bounds for 6 are obtained by showing that there is 
a set of points, with the given “genericity,” and having the property that all 
curves of suitable low degree through these points are reducible (hence 
singular). 
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3. 
In this section we study problem (Q) when the set of points is in uniform 
position (Definition 2.3). 
We first state some properties which will be useful for our aim. 
We begin with a definition which is also in [A]. 
DEFINITION 3.1. A set 9 = {P, ,..., P,} of n points in P* is called t-free 
if the base locus of Bt(9) is exactly 9. 
The following lemma appears in a different form in [GM]. 
LEMMA 3.2. Let 9 = {P, ,..., P,) be a set of n points of Ip2 in uniform 
or some integer d. Then the set 9 is T;z;fand l<n<(d:‘)+ 1 f 
ree. 
ProoJ: See [GM]. 
LEMMA 3.3. Let n= (d:‘) + h, O< h <d+ 1, be any integer and 
9 = {P, ,...) P,} a set of n points of P2 in uniform position. There exists a 
nonempty open set U of ip2 such that for every P E U the points P,,..., P,, P 
are in uniform position. 
Proox For any integer g such that (“i’) - 1 < n, let us consider the 
curves of degree g passing through any (“i’) - 1 points of 9: there is only 
a finite number of these curves, by uniform genericity; let us call Z, the 
closed subset of P2 consisting of the union of these curves, and Z, the base 
locus of Bdtl(9). w e c aim 1 that U= P2 - {Z, U Z,} is the required open 
set. 
Let P be any point in U and P, ,..., P,-, any s - 1 points of 9”; we need to 
show that P, P, ,..., P,-, are in s-generic position, 1 < s < n + 1. In fact, the s 
points do not belong to any curve of degree g with ( “i2 ) < s since P @ Z, ; 
moreover, ifg,=max{gj(gz2)-l <sI then 
dimBgo+l(P,p ,,..., ps-J= (go+i)+2) -lpss. 
In fact, if ( (g0+:)12) - 1 < n we can find other ((go+~3+2) - s points in 9 in 
such a way that through them there is a unique curve of 
Bgo+ ,(P, p, >**-> P,-l): this follows immediately from the uniform position of 
.Y and from P @ Z,. Conversely, if it is ((go+:)‘2) > n then go = d and the 
assumption follows from the choice P @ Z, except the case 
n = (“z’) + d + 1 and s - 1 = n: but in this case B,+,(P, P, ,..., P,) has the 
right dimension by virtue of Lemma 3.2. 
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We are now able to give a first partial answer to the question (Q) for 
points in uniform position. 
We need the following lemma. 
LEMMA 3.4. Let S be a linear system of dimension r of irreducible 
curves of ip* of degree n. Iff,,..., f, E k[x, y, t] is a basis for S, we put 
where j& = a&./ax, & = aA./ay, J;., = ax./&. Then rk J < 2 if and only if for 
every P E P*, not in the base locus of S, we have dim 0, T,(C) > 1, where 
C is any curve of S passing through P. 
Proof. If rk J < 2, for every P E P2, not belonging to the base locus of S, 
there are two relations 
1 -+fii, + Yfii, + tfit = nh g,.fk + g*A, + g3Lt =A (2) 
i = l,..., r, g, , g,, g, E k(x, y, t). These relations are independent on an open 
set containing P. We note that the first relation is the Euler’s Identity. Now, 
the matrix 
/I 
x Y t 
g1 g2 g, (I 
has rank two, since otherwise one can show that each J is reducible. Hence, 
we can suppose xg, - yg, not vanishing at P and from (2) we obtain 
1 fi, = Plfi + Pzfit fi, = 4l.h + 42fir (3) 
where P,, p2, ql, q2 E k(x, Y, 0 
If CG Aifi = 0 is any curve of S the condition that this curve passes 
through P is CL &f,(P) = 0. The tangent line at P for these curves has the 
form 
X . C ni.Ax(P) + Y. C nif,y(f’) + T * C nilit = 0, 
where Ch A&(P) = 0. By using (3) one obtains 
C Ai.ht(p)(P2(p) . x + q2Cp) ’ y + T) = O. 
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If CGnifi,(P)=o, f rom the relations (2) one also has 26 A,f;,,(P) = 0, 
c; U,(P) = 09 so dim n, Tp(C) = 2. 
If CL A,&(P) # 0, any curve of S passing through P has the same tangent 
line at P and so dim 0, T,(C) = 1. 
Vice versa, take P E Ip* not a base point for S. Let 
a(P>X + b(P)Y + c(P)T= 0 
be the tangent line at P for all the curves of S passing through P (if P is a 
singular point for each curve of S passing through it, we have rkJ= 1). 
Suppose&(P) # 0; so one can write 
gi = .A - UXph!!O(p))fO 3 i = l,..., r, (4) 
which is a basis for the linear system s of curves of S passing through P. 
We have 
I 
C li gixCp> =PaCP> 
1 Ii giyCp) = PbtP) (5) 
t: Ii gittp> = PcCp> 
where p depends on Ai,..., II,. Since (5) is satisfied for every A, ,..., A,, if we 
put Ai = 1 and Aj = 0 for j # i, i = l,..., r, we find 
hence the matrix 
gixCp) = PiaCP) 
giyCp) = PibCP) 
gift’> = Pi c(p> 
g1 *** gr 
g1x *** gr, 
g,, ... gr, 
g,, *** gr, 
has rank at most 1 at P. From (4) one can see that rk J ,< 2. 
THEOREM 3.5. For every integer n = (“i ‘) + h, 0 < h < 2, if U, is the 
set of n-tuples 9 = {P, ,..., P,] of points in Ip2 in uniform position, then we 
have 6 = S(U,) = d + 1. 
Proof: By Lemma 3.3 it sufftces to prove our statement when h = 2. We 
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have only to prove that there exists a nonsingular curve of degree d + 1 
through the given points. We have 
dimB,+,(Y)= ( (d+k)+2) - l-n=d- 1, 
so we can identify Bd+i(9) with Pd-‘. Define XE Pd-’ x P2 
X= {(C,P)(CEB,+,(.Y),PESingC). 
If we prove that dim X < d - 2 the theorem follows. 
To estimate dimX we consider the projection 
7r: Pd-’ x P2 --t P2 
(note that 7c is proper, so z(X) is closed). 
Case 1. dim $1) = 0. Take P E r&Y); we want to show that 
dim n-‘(P) < d - 2. If we suppose the contrary, taking d - 1 points on the 
line PP, (Pi #P), we see that any curve of Bd+ i(9) passing through all 
these points must split into the line PP, and a curve of degree d through the 
other n - 1 = (“i’) + 1 points of 9. This is not possible since these n - 1 
points are in (n - 1)-generic position. Hence by [S, Chap. I, Sect. 6, 
Theorem 71 we have dim X < d - 2. 
Case 2. dim n(X) = 1. We show that for the generic point P of an 
irreducible component r of n(X), with dim r = 1, one has dim n-‘(P) < 
d - 3. Let us suppose dim z- ‘(P) > d - 2. Now choose Q E r n PiPi, 
Q z Pi, Pj (such a choice is possible since, if deg r < 2, we can find Pi, 
PjE.9-r, if degr> 2: rnPiPj# {Pi,Pj}). 
All the curves of Bd+ i(9) having a singular point at Q and passing 
through other d - 2 points of PiPj must split into the line PiPj and a curve 
of degree d through the other II - 2 = (“i’) points of 9, again a 
contradiction. So, we can still conclude that dim X < 1 + (d - 3) = d - 2. 
Case 3. dim z(X) = 2. Now we show that for a generic P E n(X) we 
have dim r-‘(P) < d - 4. Suppose dim n-‘(P) > d - 3; this implies that the 
matrix J of the linear system Bd+l(9), according to Lemma 3.4, has rank 
less than or equal to 2. So, using Lemma 3.4, for every P E [P’, not in the 
base locus of B d+ ,(9), the curves of Bd+ i(S, P) are singular at P or have 
the same tangent line at P. 
In the first situation the contradiction follows as in case 2; in the other 
case it is easy to check that one can choose P in such a way that T,(C), the 
common tangent line at P of any C E B,, ,(9, P), contains Pi, Pj (two 
points of 9). Take other d - 2 points on TP(C), and again all the curves of 
B,, i(P, P) passing through them must split in such a line and a curve of 
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degree d through the remaining (‘z* ) points of 9, a contradiction. Once 
again one obtains dim X < 2 + (d - 4) = d - 2. 
The previous theorem can be used to generalize to any characteristic of k 
a result by Geramita and Maroscia [GM, Proposition 5.31. 
COROLLARY 3.6. Let 9 = {P,,..., P,,} be a set of 12 points of ip* in 
uniform position; then 9 is 4-free. 
Proof: It is enough to follow the technique of Proposition 5.3 in [GM], 
using the existence of a nonsingular quartic through the 12 points by 
Theorem 3.5. 
If n = (“z’) + h and h > 3, we are not yet able to specify the exact value 
of 6(U,). 
Nevertheless, the next propositions will provide the value of 6(U,) for 
h = d + 1 and in any case will give good bounds: precisely, 
df 1<6<d+2. 
PROPOSITION 3.7. Let n = (“z’) + d + 1 = ((df:)+2) - 1 be an integer; 
then we have 6 = S(U,) = d + 2. 
Proof: By Lemma 3.3 and Theorem 3.5 we have 6 < d t 2. We need only 
find a set 9 of n points in uniform position such that Bd+ i(Y) has only 
singular curves. For this take a singular curve r of degree d t 1: on this 
curve there exist n points in uniform position which we obtain inductively by 
using the technique of the proof of the Lemma 3.3 (at each step U intersects 
r). Hence through these points there is only the singular curve IY 
COROLLARY 3.8. Let n = (“z’) t h, 0 < h < d t 1, be any integer; then 
we have dt 1 <6(U,)<d+2. 
ProoJ We need only show that 6 < d t 2, but this follows immediately 
from Lemma 3.3 and Proposition 3.7. 
Working on the open set of (lP*)” consisting of the n-tuples of points of Ip* 
in uniform position (see [GO, Theorem 41) we could give bounds for 6. Let 
us see now that we can find an open set of (iP2)” in which 6 assumes the 
minimum value d t 1. 
THEOREM 3.9. Let n = (“i’) t h, 0 < h Q d t 1, be any integer; then 
there exists a nonempty open set U of (ip’)” for which we have 
s=&U)=d+ 1. 
Proof. Let us consider (“l’) t 2 = t points of ip*, say, Q? = {PI,..., Pt}, 
in uniform position. The linear system Bdt1(6Y) has dimension d - 1. In 
IPd-’ x F’:,, x Ipt2) we consider the closet subset 
z = {(C, p, 2 pz> I c E Bd+ ,(fl>, p, E c, p, E Sing Cl; 
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let 71: Z + P:,, be the canonical projection and Z, the subset of Ipt,, 
. . 
consistmg of the pomts P, E P:,, such that dim(n-‘(Pi))> d- 2. Z, is a 
closed set by the upper semicontinuity of the fiber (see, e.g., [S, p. 601). 
Now, since d - 2 is just the dimension of Bd+ ,(a, P,) when P, is not a base 
point for B,, i(a), then Z, consists of two types of points: the base points of 
Bd+ i(Q) (the dimension of the fiber of which is equal to d - 1) and points 
P, such that B,, ,(a, P,) has only singular curves. 
Now Z, # Pz because Bdtl(fl) contains a smooth curve by Theorem 3.5. 
Take Q, E P2 - Z, : by construction Bd+ i(a, Q,) contains some nonsingular 
curve and we can go on by induction to get Q,,..., QhP2. Then the set U of 
(IP 2)n consisting of the n-tuples P, ,..., P,, Q, ,..., Qh- 2, constructed as above, 
is a nonempty open set by [GO, Theorem 41. 
If IZ points are in uniform position, the first integer n for which 6 is not yet 
known is n = 13. 
The next proposition allows us to decide this case. 
We need a simple lemma: 
LEMMA 3.10. Let .P = {P, ,..., P,} be a set of points of Ip’, 
n = (“: ‘) + 3, in weak uniform position. If Bd+ 1(S) has a fixed singular 
point then 9 is in uniform position. 
Proof First we have 
dim B,, i(%P) > (d+;)+2)-l-(d;2)-J>d-2. 
Suppose dim Bd+ i(Y) > d - 2: call A4 a fixed singular point of the linear 
system and Pi # A4 any point in .P, and take any d - 1 points on the line 
MP,. There exists at least one curve of Bd+l(,P) through them. This curve 
contains the line MP, and so there is a curve of degree d through at least 
(“l’) + 1 points of ~7, which contradicts the weak genericity. 
PROPOSITION 3.11. There exists a set 9 = {P, ,..., P,,} of 13 points of 
ip 2 in uniform position such that B,(9’) has a fixed singular point. 
Proof. By Lemma 3.10 it is enough to find a set .P = {P,,..., P,,} in 
weak uniform position such that B4(Q) has a fixed singular point. Fix a 
point 0 E P2 and let B4(02) be the linear system of quartic curves with a 
singularity at 0; we have dim B4(02) = 11. 
Let us consider in P” X R” x P2 x (P2)3 the set 
X, = {(C, C’, L, P, Q, R) 1 C, C’ E B4(02); L any line in P 2; 
P, Q, R three distinct points in P* - {O}}. 
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The following set 
X;={(C,C',L,P,Q,R)EX,IP,Q,RECnC'nL} 
is obviously a closed subset of X, and, since the conditions which define it 
are9,wehavedimX;>30-9=21. 
Now let 
be the canonical projection; it is easy to check that X,(X;) is a closed subset 
of rc,(X,). We claim that dim n,(X;) < 13. 
For this we consider the canonical projection 
7r; : Ip” x Ip* x (P2)3 + P” x Ip* 
and we observe that the restriction of 7ri to x,(X;) has fibers of dimension 
zero “almost everywhere,” i.e., there is a dense open set in ;rri(X;) in which 
this occurs. Hence, by [S, Chap. I, Sect. 6, Theorem 71, we have 
dim x,(X;) < 13. 
Further, if a E 7ci(Xi), we have dim 7~; ‘(a) = 8 since, given three distinct 
points P, Q, R E P* - {O}, each of them, say, P, is not a base point for 
B,(O', Q, R): it is enough to take four lines L,, L,, L,, L, such that 0 E L,, 
OEL,, QEL,, REL,, P&Li, i=l,2,3,4. Hence, as before we have 
dim&< 13+8=21, so wecanconcludethat dimX;=21. 
Now let 
77:x;+ Ip” x P” 
be the restriction to Xi of the canonical projection; Z,(Xl) is not dense in 
Ip” x P”: in fact, if it were dense, since 7?,(&) is a constructible set by a 
theorem of Chevalley [CC], it would contain a nonempty open subset V (see 
[H, Chap. II, Ex. 3.181) hence dim r?;‘(V) > 22, which is a contradiction as 
7?; ‘(V) is an open set in Xi. 
We can conclude that there exists an open set in ip” x P I1 in which every 
pair of curves of B4(02) meets at points such that any three of them are not 
collinear. 
As a second step we consider in ip” x ipi1 x P5 x (P2)6 the set 
x, = {(C, C', r, P, )...) P,) 1 C, C’ E B4(02), r any irreducible 
conic; P 1,...,P6 any six points of P2 - {O}]. 
The set 
x; = {(C, C', r, P, )...) P6) E X2 1 Pi E C n C’ n r, i = l,..., 6) 
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is a closed subset of X, and, since the conditions which define it are 18, we 
have dimX; > 39-18 = 21. 
As before. let 
?r*: Ip” x P” x P5 x (lP2)Q Ip” x P5 x (IPy 
be the canonical map; it is easy to check that x,(X;) is a closed subset of 
n,(X,). The same arguments used above lead to dim rr2(X;) < 16. 
Furthermore, if a E q(Xi), we have dim n;‘(a) = 5 since, given 6 distinct 
points on an irreducible conic r, say, P, ,..., P,, each Pi is not a base point 
for B,(02, P, ,..., Pi ,..., P,): one can arrange 4 lines to form a curve of 
B,(O’, P, ,..., Pi ,..., P,) not through Pi. Hence, as before, dim Xi = 21. 
As above, by projecting Xi into P l1 x P 11, one gets an open set in which 
each pair of curves meets at points such that each 6 of them are not on an 
irreducible conic. 
Finally, we repeat an analogous argument for irreducible cubits of P2 and 
we claim that we can find an open subset of Ip” x ip” in which every pair 
of curves of B4(02) meets in points each 10 of which do not belong to an 
irreducible cubic. 
Consider in Ip” X Ip” X ip9 X (IP’)” the set 
X, = {(C, C’, A, P, ,..., P,,) / C, C’ E B,(O’); A any irreducible 
cubic; P, ,..., P,, any distinct points of P2 - (O}}. 
The set 
Xj = {(C, C’, A, P, ,..., P,,)EX,(PiECnC’nA,i= I,..., IO/ 
is clearly a closed subset of X, and its defining conditions are 30, so 
dimX;>51-30=21. 
Let 
7c3: [P1l x fP” x P9 x (P2)‘o* P” x P9 x (/P2)‘0 
be the canonical map; one sees that x,(X;) is a closed subset of x3(X3). Since 
the restriction of the canonical map 
7rj: Ip” x P9 x (iP2)‘0+ P” x ip9 
to 7c3(Xj) has discrete fibers almost everywhere, we have dim 7c,(X;) < 20. 
Now let a be a generic element of z~(X;), i.e., a = (C’, A, P, ,..., Plo) and 
0 G? A. We have dim 7~; ‘(a) = 1: namely, 10 points P, ,..., P,, on an 
irreducible cubic not passing through 0 give 10 independent conditions to 
B4(02). Indeed, it is possible to determinate two points Pi and Pj, i # j, such 
that PJ 6Z OFi and Pj does not belong to the cubic through 0, 
P ,,..., Pi ,..., Pi, **.) Plo. For a = (C’, A, P, ,..., P,,) with 0 E A, one verifies 
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that the dimension of the component to which a belongs is 19 and its fiber 
has dimension 2. 
In any case we find dim Xi = 21. 
Our previous discussion allows us to find a nonempty open set in 
ip I1 X Ip l1 in which every pair consists of two curves of B4(0’) meeting in 
13 points in weak uniform position. 
COROLLARY 3.12. If n = 13 then S(U,) = 5. 
Remark 3.13. At present we do not know if a statement analogous to 
Proposition 3.11 can be made for n = ( d:2) + 3, d > 3. 
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